Introduction
In the past 30 years since their discovery [1] fullerenes and, in particular, C 60 have become very important model systems for studying the properties of complex molecules and nanoparticles in the gas phase. Their ease of handling combined with their high symmetry and chemical simplicity, consisting of only the element carbon, has made them attractive systems for pushing both experimental and theoretical techniques to provide a deeper understanding of the electronic and dynamical properties of matter on the nanoscale. Fullerenes also have the intriguing characteristic that, depending on the experimental circumstances, they can appear to show properties more associated with bulk matter Figure 1 . Cuts in the isocontour amplitudes of the Dyson orbitals (representing the probability density of the electron that is ionized) of the s-, p-and d-SAMO states of C 60 . Adapted from [3] .
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(such as thermionic electron emission) or can appear almost atomic like [2] . In this review, we are focusing on the atomic-like nature of diffuse excited electronic states of fullerenes, known as 'super-atom molecular orbitals' (SAMOs). SAMOs can be considered to be similar to low-lying mixed valence/Rydberg states, often encountered in molecules; however, the hollow and highly symmetric nature of C 60 provides a spherically symmetric potential with a shallow attractive region in the centre of the molecule. As a consequence of this, the wave functions of the lowest members of the lowest angular momenta Rydberg series have significant electron density inside the cage and, in contrast with typical molecular Rydberg states, the electron density is centred on the centre of the hollow cage rather than on the atomic cores that form the molecule. The associated molecular orbitals, therefore, bear a close resemblance to large, diffuse, nanometrescale hydrogenic atomic orbitals (figure 1). The unusual nature of the SAMOs was first pointed out by Petek and co-workers when they used low-temperature ultrahigh-vacuum scanning tunnel microscopy (STM) to image the orbitals of C 60 deposited on Cu [4] . The same group also showed the formation of nearly free electron bands when fullerenes aggregated to form a two-dimensional crystal on the metal surface, indicating that these could be interesting systems for molecular electronics applications if the excitation energy of the SAMOs could be tuned to be closer to the Fermi energy. The excited SAMOs were observed earlier in gas-phase C 60 by femtosecond photoelectron spectroscopy; however, they were not specifically identified as such [5] , and they have also been observed in two-photon photoemission experiments on C 60 layers deposited on surfaces [6] .
The STM studies have been reviewed previously [7] so here we focus on reviewing the properties of the SAMO states in isolated gas-phase molecules where there is no perturbation from the presence of a substrate. We start by briefly reviewing the experimental and theoretical techniques that have been used to obtain information about these excited states in gas-phase molecules before describing the results and finishing with a comparison of experimental photoelectron angular distributions (PADs) with calculations using a simple model potential.
Methods
The details of the experimental techniques have been provided in previous publications [5, 8, 9] and will be only briefly described here. The original studies that reported the excitation and subsequent single-photon ionization of Rydberg states in C 60 were carried out with a combined linear time-of-flight photoelectron spectrometer and a time-of-flight mass spectrometer (MS) [5, 10] . In these earlier studies, the angular dependence of the electron emission was not studied. The emphasis was placed on the determination of the binding energies of the higher lying members of the Rydberg series that were well resolved using 800 nm laser pulses with 1.5 ps duration. In more recent studies, the time-of-flight photoelectron spectrometer was replaced by a velocity map imaging (VMI) spectrometer, illustrated in figure 2 [8, 9] . This incorporates a position-sensitive detector consisting of a set of multichannel plates followed by a phosphor screen. A CCD camera records the positions at which the electrons arrive on the phosphor screen. The electron extraction voltages are set to produce a two-dimensional projection of the emitted electron cloud on the detector [11] . The resulting images recorded by the CCD camera are inverted to obtain the initial velocity and angular distribution of the electrons using a standard algorithm, either BASEX [12] , p-BASEX [13] or polar-onion peeling [14] modified to include up to the tenth Legendre polynomial in the inversion procedure. The great advantage of VMI is that it allows the simultaneous recording of the electron velocity and the PAD. The velocity scale is calibrated by recording the above-threshold ionization spectrum of Xe. The Xe photoelectron spectra also serve as a convenient calibration for the 800 nm laser power [15] . The thermal background was subtracted from the spectra [2] and the SAMO peaks were fitted with Lorentzian functions. The laser pulses were obtained from a regenerative amplified Ti : sapphire laser (ca 110 fs, 800 nm). Additional wavelengths were provided by frequency doubling or tripling the fundamental output or by using the fundamental output to pump a commercial noncollinear optical parametric amplifier (NOPA) providing a tuneable light source in the visible range. The pulse durations from the NOPA were in the range of 30-90 fs. The laser light was linearly polarized with the electric vector aligned in the vertical direction. In order to obtain a good signal to noise ratio for the SAMO peaks while minimizing the background contribution due to thermoelectronic ionization [16] , the laser intensity typically was within the range 10 11 -10 12 W cm −2 .
A number of theoretical approaches for the calculation of the SAMO states have been reported. The early studies focused on characterizing the one-electron SAMO orbitals using plane-wave density functional theory (DFT) electronic structure calculations [4, 7, 17] . A manybody perturbative approach provided evidence for the enhanced stability and long lifetime of the states [18] . Time-dependent (TD)-DFT calculations were described in detail by Mignolet et al. [19] . In these studies, the electronic structure of the 500 lowest excited states of neutral C 60 was computed at the TD-DFT/B3LYP/6+31 G(d) [8] or the TD-DFT/CAM-B3LYP/6-31( [19] .
Photoelectron spectra, including PADs, were computed by first calculating the Dyson orbitals. The Dyson orbitals are one-particle orbitals computed as the overlap between the neutral and cation many electron wave functions and represent the probability amplitude of the electron that is ionized [19, 20] . They are used to calculate photoionization intensities and PADs, as described in detail for C 60 by Mignolet et al. [19] . For C 60 the SAMO Dyson orbitals, figure 1, are very similar to the SAMO molecular orbitals. As the SAMO and Rydberg excited states are composed of several excitations from the highest occupied molecular orbital to several SAMO and/or Rydberg orbitals, the Dyson orbitals of the SAMO and Rydberg states are thus a linear combination of the SAMO/Rydberg molecular orbitals of the same symmetry. The first band of s-SAMO states has a principal quantum number n = 3, while the lowest-lying members of the p-and d-bands in these calculations, figure 1, have n = 4 and 5, respectively, i.e. all wave functions of the lowest-lying SAMO states contain two radial nodes. 
Rydberg fingerprint spectroscopy
The term 'Rydberg fingerprint spectroscopy' was coined by Weber and co-workers [21] . It refers to the sensitivity of molecular Rydberg electron-binding energies to the molecular structure and has been proposed as an analytical technique to distinguish molecular isomers [22] and also as a means of probing isomerization dynamics on a femtosecond time scale [23] . It was based on the observation that well-resolved peaks could be observed in the photoelectron spectra of organic molecules corresponding to low-lying molecular Rydberg states when using femtosecond lasers for photoionization [24, 25] . At the same time, similar observations were made for the excitation and ionization of Rydberg states of C 60 [5] . For large molecules like C 60 where there is a very high density of excited electronic and vibrational states, the excitation is practically independent of the wavelength of the laser used for excitation. An additional advantage of the technique is that, due to the similarity of the Rydberg and cation potential energy surfaces, the final photoionization step is essentially vibration conserving and the method can work with molecules that have a high initial vibrational energy. A simplified, schematic illustration of the technique is shown in figure 3 . High-lying excited states are very rapidly and efficiently coupled to other excited states, aided by the high degree of vibrational excitation within the molecule and the transient electric field of the laser pulse [26] . This allows the population of a wide band of excited states with varying amounts of vibrational energy, including excited valence states, the fullerene SAMO states and higher lying Rydberg states. Within the same laser pulse, once excited, these SAMO/Rydberg states can be single-photon ionized by the absorption of an additional photon.
As the excited states are incoherently populated, the final step in the photoionization process can be considered to be a single-photon ionization from the excited states. In this case, the PAD for a random orientation of the molecule can be described as [27] :
where β is an anisotropy parameter, taking values within the range −1 to +2, and P 2 (cos θ) is the second order Legendre polynomial. 
Fullerene super-atom molecular orbitals and Rydberg states
Owing to the unique hollow nature of the fullerenes, the low-lying members of Rydberg series, the SAMOs, which are the main interest here, are rather unusual in having the electron density centred on the centre of the hollow molecular core rather than on the atomic constituents of the molecule. SAMOs arise because of the hollow core potential defined by the spherical C 60 carbon cage. The overall potential is a sum of two contributions: the deep Coulomb wells centred on each carbon atom and a shallow attractive potential induced by the long-range-dispersion interactions between electrons localized on two opposite sides of the cage. While only the former is sufficient to define the σ and π molecular orbitals, the shallow attractive potential within the cage is essential for correctly describing SAMO states. In particular, the lowest-lying members of the s-and p-series are considered to have significant electron density within the centre of the molecule (figure 1). The s-SAMO has even been identified theoretically for anions [28, 29] . This clearly distinguishes the SAMO states from the higher lying Rydberg states. The unique nature of the potential was discussed in analogy with image potential states of graphene in the context of the STM experiments carried out by the Petek group [7] . For states with higher principal quantum numbers, the electron density is almost entirely outside the carbon cage and the electron-binding energies and properties more closely resemble those of conventional Rydberg series.
A series of VMI images and the corresponding angle-integrated photoelectron spectra, plotted as a function of electron-binding energy (E bind = hν − E kin , where hν is the photon energy) rather than photoelectron kinetic energy (E kin ), are shown in figure 4 for C 60 for three different laser wavelengths. The peak structure is clearly seen in all three spectra with the most prominent peak dividing the VMI data into angular segments and integrating the relevant peak intensity in each case [9] . An example for the peak at a binding energy of 1.9 eV, indicated in figure 4 , is shown in figure 5a for the 400 nm data with the data fitted to equation (3.1). The value extracted for the anisotropy parameter, β, for the peaks with binding energies of 1.9 ± 0.1 eV shows that the outgoing electron is very close to a pure p-wave. This is expected for single-photon ionization from an s-state with zero orbital angular momentum ( = 0). An additional confirmation of the assignment of this peak is obtained when considering the extracted value of β as a function of the kinetic energy of the outgoing electron. For ionization from an s-state, the value of β should not change as the electron kinetic energy changes because the outgoing wave should always be a p-wave. The non-resonant excitation mechanism for the SAMOs allows us to test this by simply changing the wavelength of the laser. The results are shown in figure 5b for the peaks assigned to the first (binding energy 1.9 eV) and second (binding energy 0.87 eV) members of the s-series. The situation is less straightforward for ionization from states with higher values of the orbital angular momentum because more than one exit channel is possible ( = ±1) and the value will change as the velocity of the outgoing electron changes. In this situation, comparison with the theoretical results helps to assign the peaks.
A [19] . Adapted from [9] . Photoelectron spectra parallel and perpendicular to the laser polarization direction are compared for the different fullerenes whose β-values are plotted in figure 6 , obtained at a wavelength of around 500 nm, in figure 7 . The binding energies of the SAMO peaks are very similar in all cases (table 1). It should be noted that the ionization energies of the higher fullerenes and the endohedral species are all significantly lower than that of C 60 ; therefore, the excitation energy of the SAMO states must be lowered by the same amount. The main difference in the photoelectron spectra is a broadening of the peak widths and a more prominent double-peak structure for the p-SAMO band due to the decreasing symmetry as the size of the fullerene cage is increased. The peak structure for the first s-and p-SAMO bands is almost completely smeared out for the endohedral fullerene, Sc 3 N@C 80 [9] .
The TD-DFT calculations also provided insight into the dominance of peaks corresponding to single-photon ionization of SAMO bands over valence bands in the photoelectron spectra. The photoionization widths between the excited electronic states and the ground state of the cation were computed using a basis of orthogonalized plane waves to describe the wave function of the ionized electron [19] . The photoionization width was computed for each state taking into account the random orientation of the C 60 molecule with respect to the electric field. The calculated photoionization width is proportional to the photoionization rate and directly related to the photoionization cross section (it does not refer to the width of the peaks in the photoelectron spectrum).
For the relatively low photoelectron kinetic energies that are studied in these experiments, the photoionization cross section from the SAMO states is orders of magnitude larger than ionization from the non-SAMO valence excited states (figure 8). The calculated photoionization widths can be converted to photoionization lifetimes of the order of femtoseconds for the SAMO states but picoseconds to nanoseconds for the non-SAMO states [19] . This explains very clearly why the SAMO peaks are so dominant for ionization with visible laser wavelengths. Even though the non-SAMO states will be populated, the probability that they will be single-photon ionized on the time scale of the laser pulse (50-100 fs) is vanishingly small.
The ratio of calculated photoionization widths has been compared to relative experimental ionization intensities [3] . The results, figure 9 , show very good agreement between the theoretical ratios and the experimental ratios for photon energies where the same number of photons can access both states. Outside these regions, the s-band can be accessed by one less photon than the higher states. In this case, the s-band intensity would be expected to be significantly higher than the higher lying states and the measured ratios are correspondingly higher. This is not accounted for by the calculations because they do not include the population mechanism but simply assume that all states are populated with the same probability. The results are quite remarkable because they are implying that this assumption (at least for the SAMO population) does hold as long as the photon order needed to energetically access the states is the same. What is apparent is that the TD-DFT calculations are, with good accuracy, able to predict the photoionization probability in addition to the PAD as a function of kinetic energy as discussed earlier.
The rapid decrease in the photoionization width of the SAMO/Rydberg states as the photoelectron kinetic energy increases (figure 8) also explains why the higher-lying Rydberg states that were the subject of the early studies [5, 10, 30] are much less prominent for excitation with visible light. Excitation and ionization with 800 nm, 1.5 ps bandwidth limited picosecond laser pulses produced photoelectron spectra where the higher-lying states were well resolved [5] . The assignment of the peaks was made by comparing the experimental binding energies with the numerical solution of the Schrödinger equation using a simple model potential [5] . In the light of the detail that can be obtained in angle-resolved studies using VMI, it would be useful to revisit the study of the higher-lying Rydberg states using picosecond ionization.
Photoelectron angular distributions from a phenomenological potential
There have been a number of attempts to model C 60 and X@C 60 photoionization using simple, spherically symmetric, phenomenological potentials [5, 7, [31] [32] [33] . Usually in these studies, the depth, width and shape of the potential well are adjusted to fit the experimental results and has often taken the form of a quasi-square well potential at the position of the carbon atoms.
For example, the model used to calculate the Rydberg binding energies, discussed above, was based on a quasi-rectangular potential at the position of the carbon atoms, published by Puska & Nieminen [34] . In order to illustrate the use of a phenomenological potential to model the PADs, we have adapted a phenomenological square well potential to have a shallow attractive core and adjusted the parameters to obtain good agreement with the SAMO-binding energies. numerically solve the Schrödinger potential within Matlab, following the method described by Falkensteiner et al. [35] . The eigenenergies for the lowest s-, p-and d-SAMO states are given in table 1. The corresponding wave functions were then used to calculate the PADs following the method described by Bartels et al. [36] . The anisotropy parameter, β, is defined within the Bethe-Cooper-Zare theory [27, 37] as are the radial matrix elements, ψ i and ψ f are the initial and final state wave functions, is the orbital angular momentum quantum number of the initial state, r is the radial coordinate and δ = δ + − δ − is the difference of the Coulomb phase shifts of the final state wave functions ψ f , defined by their asymptotic behaviour [38] . The subscripts ± refer to the + 1 and − 1 transitions.
Here, k is the magnitude of the wavevector and σ is the Coulomb phase (= argΓ (1 + − i/k)) [39] .
The results for the lowest s-, p-and d-SAMOs are shown in figure 10 . The spherically symmetric radial potential used for the calculations is shown as an inset in the lower plot. The results are rather close to the experimental values. It should be noted that although quasi-square well potentials have been used to model fullerene photoionization they are not very physical and a cusp-like potential has been suggested as a more realistic approximation [40] . The good agreement achieved here gives some confidence that a systematic comparison of the eigenenergies and angular distributions obtained from the available model potentials should provide a means of selecting the most appropriate and generally applicable model potential for C 60 .
Conclusion
Thirty years after their discovery, fullerenes continue to be valuable model systems and serve to develop new experimental and theoretical techniques that can probe ever more complex systems. The fullerene SAMO excited electronic states that have been reviewed here provide large, challenging systems for quantum chemistry but, most attractively, the high symmetry and nature of the C 60 molecules also make it possible to apply much simpler models that provide more intuitive insight into the factors that influence the binding energy of these interesting states. The increased knowledge of the properties of these states may lead to design of materials for specific charge transport applications and may also play an important role in understanding the chemistry of neutral and charged fullerenes in space.
